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Introduction 
> 

We study the two-weight problem for for Hardy-Littlewood maximal functions and singular 
integrals in variable exponent Lebesgue spaces L p ^ . In particular, we derive various type two- 
weight criteria for the maximal functions and the Hilbert transforms on the line. For a bounded 
interval we assume that the exponent p satisfies the local log-Holder continuity condition and 
for the real line we require that p is constant outside some interval. In the framework of variable 
exponent analysis such a condition first appeared in the paper [1] , where the author established 
the boundedness of the Hardy-Littlewood maximal operator in L P ^(M"). Unfortunately we 
do not know whether the established criteria remain valid or not when p satisfies log-Holder 
decay condition at infinity (see [3] for this condition). It is known that the local log- Holder 
continuity condition for the exponent p together with the log- Holder decay condition guarantees 
the boundedness of operators of harmonic analysis in L p ('\M. n ) spaces (see [3], [26], [I], [2]). 

The boundedness of the maximal, potential and singular operators in L p ^(W l ) spaces was 
derived in the papers [I], [5], [7], [3], [26], [2], pQ. Weighted inequalities for classical operators in 
Lw spaces, were w is a power-type weight, were established in the papers [IE]-[2I], [2D], [27], 
[5] etc, while the same problems with general weights for Hardy, maximal and fractional integral 
operators were studied in [H)]-[T2], [16], [20], [22], [21], [6]. Moreover, in [6] a complete solution 
of the one-weight problem for maximal functions defined on Euclidean spaces are given in 
terms of Muckenhoupt-type conditions. Finally we notice that in the paper [12] modular-type 
sufficient conditions governing the two-weight inequality for maximal and singular operators 
were established. 

Throughout the paper J denotes an interval (bounded or unbounded) in R. 

Let p be a non-negative function on R. Suppose that E is a measurable subset of R. We 
use the following notation: 

P-(E) := inf p; p+(E) := supp; p- := p_(R); p + := p + (R). 

E E 



Assume that 1 < p~{J) < P+(J) < oo. The variable exponent Lebesgue space L pt -'\J) 

(sometimes it is denoted by L p( ~ x '(J)) is the class of all /i-measurable functions / on X for 

which S p (f) := J \f(x)\ p ^dx < oo. The norm in L P ^'\.J) is defined as follows: 
J 



| LP( . )(J) = inf{A > : S p {f/ \) < 1}. 

It is known (see e.g. [23], [28], [H]) that L p ^ is a Banach space. For other properties of 
L p ^ spaces we refer, e.g., to [33], [23], [28] . 

Finally we point out that constants (often different constants in the same series of inequali- 
ties) will generally be denoted by c or C. The symbol f(x) ~ g(x) means that there are positive 
constants c\ and c 2 independent of x such that the inequality f[x) < C\g{x) < c 2 f(x) holds. 
Throughout the paper by the symbol p'[x) is denoted the function p(x)/(p(x) — 1). 

1 Sawyer-type Condition for Maximal Operators in LP* ' 
Spaces. 

1.1 The case of bounded interval 

Let J be bounded interval in R and let 



(M^f)(x) = sup-^ / \f{y)\dy, x e J, 

I3x J J 
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where x G J and a is a constant satisfying the condition < a < 1. 
For a weight function u we denote 

u(E) := / u{x)dx. 
'e 

Definition 1.1. Let J be a bounded interval in R. We say that a non-negative function 
u satisfies the doubling condition on J (u G DC (J)) if there is a positive constant b such that 
for all x G J and all r, < r < | J|, the inequality 

u(l(x — 2r,x + 2r) fl J) < bu(l(x — r,x + r) D JJ 

holds. 

Definition 1.2. We say that p G LH(J) ( p satisfies the local log-Holder condition) if there 
is a positive constant c such that 

\p(x) -p(y)\ < — j 1 

for all x,y £ J satisfying the condition \x — y\ < 1/2. 

Theorem 1.1. Let 1 < p_ < p(x) < p + < oo and Zet i/ie measure dv(x) = w(x)~ p( - x ^dx 
belongs to DC (J). Suppose that < a < 1 and that p G LH(J) . Then the inequality 

\\v(-)M^f\\ LP , HJ) <c\\w(-)f(-)\\ LP , KJ) 

holds, if and only if there exist a positive constant c such that for all interval I , I C J , 



{v{x)) p{x \M { a J \w{-)- p ' { - ) x I( . ) )) p{x) dx < c / w- p ' (x) dx < 



oo. 



To prove Theorem 1.1 we need some auxiliary statements. 

Proposition A. ([32], Lemma 3.20) Let s be a constant satisfying the condition 1 < s < 
oo and let u > on K. Suppose that {Qi}i£A is a countable collection of dyadic intervals in R 
and that {aj}igAj{»i}ieA o,re sequences of positive numbers satisfying the conditions: 

(i) J u < Oj /or a// z G A; 

(u) Yl bj < cai for alii G A. 

{jeA-QjCQi} 
Then there is a positive constant c s depended on s such that the inequality 
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i&A 

holds for all non-negative functions g. 

Corollary A. Let 1 < s < oo and let u be a non-negative measurable function on M. 
Suppose that {Qi}i<=A is a a sequence of dyadic cubes in W 1 and that {bi} i£ A is a sequence of 
positive numbers satisfying the condition 

22 bj < cu(Qi). 

{jeA:QjCQ t } 

Then there is a positive constant c such that for all non-negative functions g the inequality 

i/ s 



^A^mI 3U )'- c U 3 ' u ) 
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holds. 

Lemma A. Let J be a bounded interval and let 1 < r_(J) < r + {J) < oo. Suppose that 
r G LH(J) and that the measure /i satisfies the condition // G DC (J). Then there is a positive 
constant c such that for all f , H/H^roo^) < 1, intervals I C J and x G I the inequality 



s/iH* 1 - 6 



|/(y)| pW d/*(y))+l 



holds. 

Proof. We follow the idea of L. Diening [4] (see also [14] for the similar statement in the 
case of metric measure spaces with doubling measure). We give the proof for completeness. 

First recall that (see, e.g., [H]) since J with the Euclidean distance and the measure \i 
is a bounded doubling space with the finite measure \i the condition r G LH(J) implies the 
following inequality: 

(fi(I)) r - (I) - r+(I) < C (1.1) 

for all subintervals I of J. 

Assume that vB < 1/2. By Holder's inequality we have that 

i r \r(x) /j r \ r(aj)/r_(J) 
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|/(y)|dMy)) <(-7tt \mr {I) My)) 



< cn{I) 



-r(x)/r—(I) 



--if 1 -ir(x)/r_(7) 

zj \f(y)\ r{y) dn(x) + -n(i) 
i 

Observe now that the expression in brackets is less than or equal to 1. Consequently, by 
1.1) we find that 

-j^j J \f(y)W(y)J X < ( V i(/) 1 " r(a!)/r - (i) (-^ / \f(y)\ r{y) dKy) + 1 

< C ^lf-(I)-r + iI))/r-(I) (_L_ J \f(y)\r(y) dM + ^ < C (_L | l/^)^) + l) . 

The case n(I) > 1/2 is trivial. □ 

Suppose that S is an interval in 1R and let us introduce the dyadic maximal operator 

(M^ s )f(x)= sup l/r 1 f\f(y)\dy, 
ieD(S) i 

where < a < 1 and D(S) is a dyadic lattice in S. 

To prove Theorem 1.1 we need the following statement: 

Lemma 1.1. Let S be a bounded interval on M. and let J be a subinterval of S. Suppose that 
o~(x) := w~ p ^ belongs to the class DC (J) and that p e LH(J), where 1 < p~(J) < p(x) < 
p+{J) < oo. Leit < a < 1. // t/iere is a positive constant c such that for all interval I , I C J, 

P (x) r. 

[v{x)) p(x) ( M { f>' s (xi(-)cr(-)) j (x)dx <c a{x)dx < oo, 
i i 

then the estimate 

\\v(.)M^ s (f(.) Xj (.))\\ LP , Kj) < c\\w(-)f(-)\\ LP , )(J) 

holds. 

Proof. Suppose that ll/ll r p()/ n < 1- Assume that f\ := Xjf- Let us introduce the set 

J k = {xeS:2 k < (M^ s f\)(x) < 2 fe+1 }, keZ. 
Suppose that for k, J k ^ 0, {Ij} is a maximal dyadic interval, Ij C D(S), such that 

k , \h{y)\dy>2 k . (1.2) 

It is obvious that such a maximal interval always exists. Now observe that 
(i) {Ij} are disjoint for fixed k; 

(ii) 

J k :={xeS: {M^ s h){x) > 2 k } = U,I k . 

Indeed, (i) holds because if If fl I k ^ 0, then If C /j or I k C If. Consequently, if If C ij\ 
then L fc is maximal interval for which (1.2) holds. 



To see that (ii) holds, observe that if x G Jk, then M a fi(%) > 2 k . Hence, there is a 
maximal dyadic interval Ij containing x such that (1.2) hold for I k . Let now x G [jlf- Then 



x G Ij for some jo- Hence, M a fi(x) > 2 k because (1.2) holds for I k Q . 
Denote: 

E) := I k \{x G 5 : M^' s f x (x) > 2 k+1 }. 

Then £^ fc = ij n J fc . Indeed, if x G £j, then x G ij and M ( a d) ' s f x (x) < 2 k+l . Hence, by (1.2) we 
find that 



2 k < j^ia-i / |/i(y)|dy < M ^ s h(x) < 2 k+1 . 



$ 



This means that x e I k il J k . Let now x e I k n J k . Then obviously M a d) ' S f^x) < 2 k+1 . 

Consequently, x G E k . 

Observe that {E k } are disjoint for every j, k because, as we have seen, 

E k = {xe I k : 2 k < M^ s f x {x) < 2 k+1 }. 

Also, E k C I k . Assume that ||w(-)/i( - )IIlp()(S) ^ 1- Denote: 

vi ■= vx.j, C\ := ctxj. 

By the arguments observed above and using Lemma A with r(-) = p(-)/p_ and the measure 



dfj,(x) = a(x)dx we have that 



(v(x)) p ^ M^/J (x)tfe 



p(x) 



Mx)) p(x M M^A (x)dx 



p(x) 



- J2 f(Mx)) p{x) 2 



(k+l)p(x)^ x 



< cY, J Mx)Y^(^^ J \h{y)\dyY dx 

j ' h e j 3 lk i 

J,* E k j 



p(x) 



a(/. fc n J) 



a (J* n J) 



ii 


N 


p(x) 


a 


1 dx 


a , 


/ 


fl N 


p(x) 
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a(/ ? fc nJ)J cr(y) 



/i(l/) 



p(») 



a(y)dy 



j,k j,k 



Notice that the sign of sum is taken over all those j ad k for which cr(Ij fl J) > 0). 
To use Corollary A observe that 



e /faww^r* 



lj ^^i E k 
i^UeD(S) 3 



< 



J2 JMx)y^fM^ s ( Xli 

I*Ch E k 



p(x) 

njcr) ) (x)dx 

p(x) 



< J Ms)) p(a,) [M^ s { Xm .jv) ) (x)dx 
h 

< c a(x)dx — c / (Ti(x)dx. 



Lnj 



Now Corollary A implies that 

E4 - E(/(^(^r-.)(^/«r^r 

hK 3>K E k J / J j k 

j j 

< c f |/i(x)| p(a:) a(x)- p(a!) cri(x)dx = c I \h{x)\ p{ - x) w p{x) dx < c. 
s s 

For the second term we have that 



j,fc 



< ^J(vi(x)) pix) (MW> s (xja)Y (x)dx 



E? 



(•Wl^li^Ml* (*)<fc 



< c/, W dx<oc. 

J 

Finally we conclude that 

lk(-)M d) ' 5 /l)(-)llL,(., (J )<C 

for |K)/(-)IU) (J) < I- □ 

Proof of Theorem 1.1. Sufficiency. Let us take an interval S 1 containing J. Without loss 
of generality we can assume that S is a maximal dyadic interval and that \J\ < ^. Further, 
suppose also that J and S have one and the same center. Without loss of generality assume 
that \S\ = 2 m ° for some integer mo- Then every interval I G J has the length \I\ less than or 
equal to 2 m °~ 3 . Assume that |/| G [2 J , 2 J+1 ) for some j, j < mo — 4. Let us introduce the set 

F = {t E {-2 m °-\ 2 mo ~ 4 ) : there is h E D{S) -t,lGl 1 GS,\I 1 \ = 2 j+1 }. 

The simple geometric observation (see also [13], p. 431) shows that \F\ > 2 m ° -4 . 
Further, let 

(K t f)(x):= sup — ^ f\hl tEF, 

SDhBx Mil J 

heD(S)-t h 

where f\ = Xjf- Then for x (x E J) there exist I 3 x, I G J such that 

\ir 1 J\M>l(M^f 1 )(x). 
i 

For the interval J, we have that |/| G [2 J , 2- 7+1 ), j < m — 4. Therefore for tEF, there is an 
interval h, h E D(S) - t, I G h G S,\h\ = 2^' +1 , such that 

IT'/l/.l^/lM. 

I h 



Hence, 

(M^f)(x) < c{K t h){x), for every teF,xE.J, 

with the positive constant c depending only on a. Consequently 

(Mi J) f)(x) < ±- J \K t h){x)dt 

F 



< T~, 7TT / (K t fi)(x)dt. 

~ |/(0,2 m o- 4 )| J V tJ1JK ' 

7(0,2 m o- 4 ) 

Suppose that ||w(-)/(')IIlp()(j) — 1- Then by Lemma 1.1 we have that 
S t := f(v(x)y^((K t f 1 )(x)Y {x) dx 



J 

!{v{x)Y^( sup -^ j\h\] P dx 
J heD(S)-t h 

(v t ( X ))^ X -^( SUp ll^- 1 [ Xj (s- 1)^(3 -t)ds] dx 

\ SDhBx J J 

J+t heD(S) h 

/ r \2H(x) 

K0r))^M sup l/xl"- 1 XJ + t(s)fi(s-t)ds) dx 

V Ji3* J / 

J+t h€D(S) h 

(^)r (x) (MW)' 5 (xj + t(0/i(--*)) <** 



j+t 
< c 

provided that 

f(w t (x)) pt( ~ x \f 1 (x-t)) pt( ~ x) dx = I w(x)\f(x)\ p{x) dx < 1, 

J+t J 

where i>t(x) — v(x — t), w t (x) — w(x — t), Pt(x) = p(x — t). To justify this conclusion we need 
to check that for every 1,1 C J + t, 

/ \ptO) /• 

K(a:)) pt(a;) M^' 5 (a tX /)(x) cfe < c / cr t (x)dx < oo, 



where the positive constant c is independent of / and t. Indeed, observe that 

(v t (x)r^[M^ s (a tX i)(x)) dx 



Pt(x) 

y t (x)) Pt(x) I sup Ih^ 1 I xi(s)(r(s-t)ds) dx 



hBx 
heD(S) h 

/ r \Pt(x) 

y t (x)) Pt(x) l sup Ih-tl*- 1 / xi(s + t)a(s)ds) dx 
\ h-tax-t J I 

i v heD(s) h-t ' 

[v(x)) p{x) \ sup \I 1 \ a - 1 / X i-t(s)a(s)ds) dx 
\ hax J I 

i-t x heD(s)-t h 7 

// \ p{x) p 

(v(x)) p ^ I Mi J \ Xl - t (r) J (x)dx < / a(x)dx 

/-/ '' ' i-t 

at(x)dx < oo. 



Further, let g E L pl<y '\j) with HpH^'ova < 1- Then we find that 



(M a J) f)(x)v(x)g(x)dx 
j 

- / ( 1/(0,2-0-4)1 / (^W^M^W^ 

J " 7(0,2 m o- 4 ) 

< 1/(0,2^-4)1 / (f{K t fi)(x)g{x)v(x)dx)dt 

I(0,2 m t)- 4 ) J 



< 



1 



|J(0,2 m o- 4 )| 

J(0,2 m 0- 4 ) 
< C, 



^ t /l)v|| LP (.) (J) ||fi'|| LP '(.)(j)^ 



provided that ||/|| l p() (j) < 1- 

''■"" "' 1; " ' ' :i "" )(J) ^ ^" IIJ w IIlp'(0(J) 



Finally we conclude that ||(Mq f)v \\lp()(j) < c if ||/tu|li,p'(-)(.n < 1- 



Sufficiency is proved. 

Necessity. Let //(£) = xr0O lt,-p '^0O- Suppose that /3 = ||w _1 (-)llz,p'(')(j) < 1- We have that 

||,; ( .) ( M^/)^(.)|| LP , )(J) > \\xi(>(-){Mi J \w- p '^(.) Xl (.)))(.)\\ LP , Hj) =: A 

Hence, by the boundedness of M a , Lemma B (recall that the measure dv{x) = w(x)~ p ^dx 
satisfies the doubling condition) and the fact that 1/p G LH(J) we find that 



A= \\xi(M-)Mi J \w-^\-)xj(-))(-)\\ LP , Hj) 
< c\\w(-)w-^\-)xi(-)\\ lp , Hj) 



< c( w~ p ' (x)p(x \x)w pix \x)dx 



1/p+w 



. P-(I) 



On the other hand, 



A= c 



< c( / w~ pW (a;)dx 



TX/ (>(-)M( J )( W - p '«X/(-))t 



LP(0(J) 



> c( {cY p{x \v{x)) v{x) 



Mi J \w-^ X i(-)) 



(x)dx 



p-(i) 



> c 



p(x) - 

(w(a;)) p{a;) ( M<^ (^- p ' ( - ) x/(-)) (x) ) cfe 



p_W 



Summarizing these inequalities we conclude that 



p(x) 



{v{x)) p{x) [Ml J) { W - p ' { - ) x I {-)){x) dx<c w- p ' {x) (x)dx 



< oo. 



Suppose now that /3 > 1. Let us take 



Then 



/(*) 



ll//(X-)IU,()(j) 



^- p,(f) (%/(*) 

/3 







< 1. 



Arguing as above we have desire result. It remains to show that 



A:= w~ p(x) (x)dx < oo. 
j 



Suppose that A = oo. Then \\w 1 (-)IIlp'(-)(j) 
such that 

/ g{x)w^ 1 {x)dx = oo. 

J 

Let f(x) = g(x)w~ 1 (x). Then 



oo. Hence, there exist a function g, \\g\\Lp(-)(j),9 



> 



iM<Pf)\ 



LP(-)(J) 



> [ w (x)g(x) 



v(-)\J 



Q-l 



oo, 



LP(-)(J) 



while 

II/HIlp(->(j) = \\9\\lp(-)(j) < oo- 
D 

Corollary 1.1. Let J be a bounded interval and let 1 < p~(J) < p(x) < p+{J) < oo and 

/e£ < a < 1. Assume that p G LH(J) then the inequity 

IH')( M a J) ./)(-)|| LP (.)(j) < c||/||lp(-)(j) (Trace inequality) 

holds if and only if 

sup -^ f(v(x)) p{x) \I\ ap{x) dx < oo. 

/,/CJ \I\ J 

I 
Proof. Sufficiency. By Theorem 1.1 it is enough to see that 

(M^X/)(^) < W for 16/. 
This is true because of the following estimates: 



sup l^l"" 1 [ X i< sup \S n 7| Q_1 /(fa= sup |,sn/| a = |/| a . 
S3x s scJ sm scJ 

Necessity follows by choosing the appropriate test functions in the trace inequality. □ 



1.2 The case of unbounded interval 

Now we derive criteria for the two-weight inequality for the following maximal operators: 



(Vf+)/)(:r)=sup^ J \f { y)\ d y 

(n-/i,x+fe)ni + 



and 

x+h 

(aO =su Ptt^ / \f(y)\dy, 
h>o ri J 

x—h 

where < a < 1. 

In the sequel we will assume that v p ^(-) and w~ p (')(•) are a.e. positive locally integrable 
function. 

Theorem 1.2. Let < a < 1, 1 < p_(R+) < p < P+(R+) < oo and k< p G LH(R + ). 

Suppose that there is a bounded interval [0, a] swc/i thatw~ p (')(•) G -DC([0, a]) andp = p c =const 
outside [0, a]. Taen tae inequity 



\\vM& +) /IU-) (K+) < IKIU-) (K+) , 
/io/ds i/ and on/?/ i/ t/iere zs a positive constant b such that for all bounded intervals I C M +7 

^W^IUhd < cll^ 1 ^'"!!^.)^) < oo. (1.3) 



Proof. Sufficiency. Suppose that ||w/||i,p(-)(r + ) < oo. We will show that \\vMa ||lp(-)(r.) < °°- 
Represent M« + / (x) as follows: 

M^f(x) = X[o,a](x)Mf +>(/ • X[0 , a] )(x) 

H- X [0,a](x)Mf +)(/ • X(a,oo))(x) + X(«,oo)(x)Mf +> (/ • X [0 ,a])(x) 

+X(a,oo)(x)Mf+)(/-X(a,oo))(^) 

=: M«/(x) + Mf/(x) + M^f(x) + M( 4 )/(x). 

Since ||iu/||lp(-)(r + ) < oo we have that ||iu/||ip(-)([o,o]) < °°- Applying now Theorem 1.1 we find 
that \\vMa /||lp(-)(r + ) < oo. Further, observe that 



x+h 

M^f(x)< sup \ \f(y)\dy<(M^f)(a)< 

h>a-x H> J 



OO. 



Hence, 



oo. 



ll^ 2 )/|| LP( . )(M+) < (Mf+)/)(o) • \\v\\ LP , H[0M) < 
Let us use the following representation for Mi f(x): 

(Mf/) (X) = X (a M (x)Mf +) (/ • X[0 , a] ) (x) + X(2a,oo)(^)Mf +> (/ • X[0>a] ) (x). 

=: (Ml 3 V)(^) + (Mi 3) /)(^). 
It is easy to check that for x G (a, 2a], 



r(3) 



(M^/)(*)< sup 



h>a-x (a- x + h) 



1-a 



l/(y)|dy<(M?+)/)(a). 



x—h 



Consequently, 



f(3) 



lk<7IL,(-) ( R +) < ll/ll LPC ( (a , 2a] )( M f +) /)(a) < oo, 



because i> p ^(-) is locally integrable on R + . Further we have that for x > 2a, 



(Mf/)(x)< 



x — a 



,1— a 



l/(v)|dy- 



Hence, by using Holder's inequality in LP^ spaces, we find that 



;Mf/ 



LP(')(R + ) 



< 



< 




LPc 



((2o,t»)) W 



l/(y)|dy 



LPc K2a,oo)j 
ll /W L,()((0,a])ll W_1 |lL,'()((0,a]) 



Since I 2 < oo and J3 < 00, we need to show that Ji < 00. This follows from the fact that 
condition (1.3) yields 

\\vM a (w~ {PcY xi)\\ 1 c\ < lh 1_(Pe) '(-W0ll I a> i"c(2a,oo), (1.4) 

II a \ A.i; llLPc((2a,oo)J — H WAi W HLPc((2a,oo)J' V ' /' V / 

where M a is the maximal operator defined on (2a, 00) as follows: 

1 

h>0 



(M a f)(x) = sup — 



\f(y)\dy. 



(2a,oo)n(x—h,x+h) 



Using the result by E. Sawyer see [31] (see also [13], Ch. 4) for Lebesgue spaces with constant 
parameter, we see that (1.4) implies the inequality 



Since 



\vM a f\ 



M a f(x) > 



Lvc 



((2a,oo)) 



< c\ \fw\ 



LPc 



((2a,oo)) ' 



{x — a) 1 ' 



\f{y)\dy for x > 2a, 



2,1 



we have that for the Hardy operator 

X 

(H a f)(x) = f f(t)dt, x>2a, 



■2n 



the two-weight inequality 



v(x)(x — a) a H a f\\ i, \ < \\wf\\ / \ 

V 7V ' aJ HLPc((2a,oo)J — II J llLPc((2a,oo)J 



;i.5) 



holds. Let us recall that (see e.g. [25], Section 1.3) necessary condition for (1.5) is that 



sup 

t>2a 



V[X) 



\x — a 



.1— a 



1 , * 



dx\ I I w {Pc) (x)dx ) < -x. . 

2a 



(Pc)' 



Hence, 



v{x) 



2d 



\x — a 



3d 



,1-a 



Pc 



3d 



dx = j (■■■) + j(---) 

2a 3a 



< a- 1 / {v(y)) Pc + 



2a 



?M 



v(x) 



(x — a 



il— a 



Pc 



dx < 00. 



It remains to estimate / := \\vMa /||lp()(r + )- But I < 00 because of the two-weight result by 
E. Sawyer [31] (see also [13], Ch.4) for the maximal operator defined on (a, 00) in Lebesgue 
spaces with constant exponent. Sufficiency is proved. 

Necessity follows easily by taking the test functions /(•) = Xi(') w ~~ p '^ (') m the two-weight 
inequality. D 



The next statement follows in the same way as the previous one; therefore we omit the 
proof. 

Theorem 1.3. Let 0<a<l, l<p-<p<p+< oo, and let p G LH(M). Suppose 
that there is a positive number a such that w~ p ('\-) G DC([—a,a\) and p = p c = const outside 
[—a, a}. Then the inequity 

\\vM^f\\ LP , m < \\wf\\ LP , m , 

holds if and only if there is a positive constant b such that for all bounded intervals Icl, 

\\vMW(w-*U X i)\\i*-) m < c\\w l -^\\ LP , Hl) < oo. 



2 Integral operators on R+ 

In this section we derive two-weight criteria of other type for the operators 



oo 

(Hf)(x) = (p.v.) f-^-dt, xem + , 

J x-t 



(Mf){x)=SUV±r f\f(t)\dt, XER+, 
I3x M J 



I 

provided that weights are monotonic, where the supremum is taken over all finite intervals 
I C R + containing x. 

In this section we shall use the notation 

g_:=g4R + ); g + := g + (R + ), 

for a measurable function g : R + — > R + . 

First we present the following statement regarding the weighted Hardy transform 



(H v , w f)(x)=v(x) I f(t)w(t)dt 



and its dual 

oo 

{H' v J){x)=v{x) J f(t)w(t)dt 

X 

defined on R + . 

Theorem A. Let 1 < p_ < p(x) < q(x) < g_ < oo and let p,q G LH(R + ). Suppose that 
p = p c = const, q = q c = const outside some interval (0, a). Then 

(i) the operator H vw is bounded from L p (')(R + ) to L q ^(R + ) if and only if 

D := supD(t) := sup IMI Lq , )((tj0o)) UHI^.,^,) < °°; 

(ii) the operator H' vw is bounded from L p( -'- ) (R + ) L 9( -'- ) (R + ) if and only if 
D' :— sup D'(t) :— sup ||i>|| ,./, s \ lliyll ,,./, \ < oo. 

OO V ' *>0 " "^''((O,*))" "Lv'(-) ((t,oo)) 



Proof. We prove part (i). Part (ii) follows from the duality arguments. Let ||/||^«(-)(k + ) < 1- 
We represent H vw f as follows: 



H VtW f(x) = X[o,a\ v ( x ) / f{t)w{t)dt + X(a,oo)v(x) / f(t)w(t)dt := H§lf(x) + H ( v 2 lf(x) 



Observe that the condition D < oo implies that 

D^ a * := sup llfll ,,/ \ lliwll ,,,/ \ < oo. 

* II II Ta(-) I U ~\ \ II II Tv' ■) I ft\ *\ I 



0<t<a 



'Li 



(•)((t,a)) l|U;|l LP'(-)((0,t)) 



Consequently (see 

\\ H i]lf\\L^)(R) < C||/||n»(-)([0,o]) < C ' 

It remains to estimate \\Hv,wf\\L<i(-)(R + )- Let H^H^'orR ) < 1- We have that 



oc 



(H^f)(x)g(x)dx = / (Hi 2 lf)(x)g(x)dx 



(l a 



< / v ( x ) [ / f(t)w(t)dt \g(x)dx + I / v(x)0(a;)dx ) I / f(t)w(t)dt 1 := S\ + S 2 - 

a a a 

(a) S 

We can now apply the boundedness of the Hardy transform Ty%f(x) = v(x) J f(t)w(t)dt 

a 

from L Pc ([a, oo)) to L qc ([a, oo)) (see e.g. [23], Section 1.3) because 

SU P IMI T „. (n „<\ IML_v r,_ ^ < ^>< oo. 



i>a 



'£* 



((t.oo)) 11 IW((a,t)) 



Consequently, by this fact and Holder's inequality we derive that 

Si < \\T^f\\ L ,c([ a ,oo))\\g\\Lic([ a ,oo)) < C||/|| L P(-)(R + ) < C. 

Applying Holder's inequality for L p ^ spaces we find that 



S 2 < ( / v(x)g(x)dxj\\f\\ LP (. ){M) \\w\\ LP > ( . ){[0>a]) <C. 

a 

Necessity follows by the standard way choosing the appropriate test functions. □ 
Theorem B ([12J). 1 < p_ < p + < oo. Suppose that p G LH(W + ) and that p = p c = const 
outside some interval. Then the inequality 

\\vTf\\ LP( . )(K+) < c\\wf\\ LP (. )(R+) , (2.1) 

where T is M. or %, holds if 



v(x) ~r \ 1 

- LJ -, w{x* ' - — 
(ii) H'~ is bounded in L p (')(R), where Wi(x) := \ ; 



(i) H %iS is bounded in L p() (M), where u(x) := — »'(.rj :- ^ (a;) , 



u(x)a 
(iii) 

f + ([x/4,4a;]) < cw(x) a.e. or v(x) < cw-([x/A, Ax]) a.e. (2.2) 



Theorems A and B imply the following statement: 

Theorem 2.1. Let 1 < p_ < p + < oo and let p G LH(R + ). Suppose that p = p c = const 
outside some interval [0, a]. Suppose also that v and w are weights on R + . T/ien t/ie inequality 
(2.1), where T is M. orTi, holds if 

(i) 

£x := sup E 1 (t) : = sup IK*)*' 1 !!^^,) ll^" 1 ll^ (0 ( (0 ^) < oo; (2.3) 

(ii) 

£ 2 := sup£ 2 (t) := sup \\v\\ Lp( ,^ IK^K'IU^) < oo; (2.4) 

(iii) condition (2.2) is satisfied. 

Now we prove the next statement. 

Theorem 2.2. Let 1 < p^ < p + < oo and let p G LH(M. + ). Suppose that p = p c = const 
outside some interval [0, a]. Suppose also thatv andw are positive increasing functions on~$L + . 
Then inequality (2.1), where T is M. or 7i, holds if and only if (2.3) is satisfied. 

Proof. Sufficiency. Taking Theorem 2.1 into account it is enough to see that condition (2.3) 
implies conditions (2.4) and (2.2). For (2.2) we will show that there is a positive constant c 
such that for all t > inequality 

v(4t) < cw(t), t > 0. (2.5) 

holds. Indeed, inequality (1.1) with respect to the Lebesgue measure dfi(x) = dx and the 
exponent r = p' which belongs to LH([0, a}), for small t, yields that 



Eiit) > ||x[t,4*](0l ' I 1 Hl p <;>(r + ) II X[o,t/4](-)w \-) || L p'(.)(r + ) 



> C V { ) tv-<hAf\) w -i u u\t< v ')_ao.t/4\) > c v y ) ^-i^ P ._,(fo.4ti)^( P ')._ao.t/4i) _ c _ v{: ' 



t \ i / - w ( t/ /4) w{t /A)' 

Further, for large t, we have that 

-, _-, v(t) _i J_ -L-. v(t) 

Ei(t) > \\v(x)x X(t,2t){x)\\i A ,c(R + )\\x[t/a,t/4\(-) w v)\\lp'c(r + ) - c w ( t u\ t tpct(pc) =c w ( t u\ 

Thus, condition (2.2) is satisfied. 

Taking into account the fact that v and w are increasing and inequality (2.5) we can easily 
conclude that condition (2.4) is satisfied. 

Necessity. First observe that inequality (2.1) implies that ||w _1 || LP '(.)( 1 \ < oo for all t > 0. 

Let T = Ai. Then using the obvious inequality 

X 

Mf(x) > - f f(t)dt, x>0, 
x J 



and taking into account Theorem A we have necessity for M.. Let now T = "H. We take / > 

that 

vHf\\ Lq( . KR+) < C. (2.6) 



so that ||/|Lp()™ n < 1- Then we have that 

L/ w [iK-^j 



Obviously, (2.6) yields that 

C> \\vUf\\ Lq{ -) {R+) > \\x(t,oo)(-)VHf\\ L A-)(n + y 
If / has support on (0,£), t > 0, then this inequality implies that 



C> 



\W-M-)( I l&dii 



y 



> c 



LP(0(R + ) 



X(t,oo)(a?)«(»)a; 



-i 



Lp(-)(R+) 



f{y)dy 



' T ' K ' 

By taking now supremum with respect to / and using the inequality 



MIlp(-) < sup 



Wly/co^l 



gh 



(see e.g. [28]) we have necessity. □. 
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